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Abstract

Introduction to the Problem

Gas or vapor layer flow may occur in a number of different
physical facilities and devices [1-3], e.g. in a pool with volatile
coolant [4,5]. Also, as a stage of drop disintegration through
the phase of a film flow [6], etc. In fact, the first two phenomena
may occur together in real cases [4,5]. Such liquid - gas (vapor)
interfaces are prone to different types of instability. The jet’s
stability increases in infinite medium by increasing viscosities of
jetand medium [7-9]. Instability of thin gas layer between two fluid

layers was not reported in the literature yet.
Problem Formulation

The aim of paper is studying the phenomenon through the
mathematical modeling and computer simulation. Linear equations
for the spatial-temporal dynamics of the gas-liquid interfaces are
derived and the boundary conditions are stated. The equation array
is solved numerically and analytically (for same limit cases), and
several sets of the base states are found, and their linear stability

properties are examined.
Mathematical Model of The System

2-D three-layer flow is considered for the following physical
situation. In equilibrium state supposed to be three layers moving
with constant velocities in the same or different directions. The
lowest layer is considered being in the rest or the coordinate system
is touched with it moving with the same velocity. So that gas layer is

The stability of a thin gas layer flow between two fluid layers moving in the same or opposite direction is modeled and simulated
numerically. A linear stability is considered for the system using the non-stationary equation array, which consists of the two one-
dimensional non-stationary equations of a seventh and fourth order. The results of the numerical study showed that the thin gas
layer between two liquid layers is unstable to a number of different perturbations of the flow parameters.
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moving with respect to lower layer with velocity U,. And the upper
liquid layer moves with velocity U, against gas layer or in the same
direction (U, < 0). It is assumed that inertia forces are big enough
to neglect gravitational forces. And y=0, y=a are the unperturbed
interfaces at the beginning. Gas flow supposed incompressible. The
scheme of a three-layer flow: y=0, y=a - free surfaces of a gas layer;
y=-b,, y=b, - free surface of the lower and top liquid layers, U , U, -
flow velocities. The governing equations are the continuity and the
momentum Navier-Stokes equations, which can be represented in
the following linearized form:

_ Lo -
VIV, =0,p,0V, +V,VV)==Vp,+u VYV, 1

J

Where V= {U, 7'} is the fluid velocity field, p is the pressure,
tis time, V=(0,,0,), P - density, [/- dynamic viscosity and
indexes, j =1, 2, 3 are used for gas (vapor), top liquid and bottom
liquid, respectively. Boundary conditions are following: tangential
stresses supposed to be negligible at the gas - liquid interfaces,

therefore
yen oo O U N, @
Yoy ox oy ox
yann a3 U,V “
oy ox Oy Ox

where hj (x,¢) are small-amplitude perturbations of the
interfaces of the gas flow layer. The balances of the normal stresses
at the interfaces and the augmented kinematics condition are:
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where ©,,0;, are the surface tension coefficients for the low
and top liquid layers with a gas layer, respectively. In (4), (5) the
capillary forces are taken with the opposite signs because convex
and concave for the top and lower surfaces result in capillary
pressure in a gas layer different by sign. Slip is neglected at the

interfaces:

y=h,U =U;;y=a+h,U =U, (6), (7)

In unperturbed state the interfaces are the straightforward
lines, there is a gas slip at the interfaces. But no-slip is considered by
gas flow with the perturbed interfaces having uneven boundaries.
The liquid layers supposed to be thick enough to suppress the

perturbation inside them:
y=bsU,=V,=0;p,=0; ©)]
y=b3U,=V,=0;p, =0; )

where b >>h,, b,>>h,. The boundary conditions are linear in
assumption that the long-wave small-amplitude perturbations of
interfaces are considered. Boundary layer approximation may be
applied for the thin gas layer. Then for gas flow p,=p,(x, t), and the
momentum equation in y is omitted. Considering the instability of
the interfaces one can integrate the equations (1) with boundary
conditions (2)-(9) with respect to y and reduce the boundary
problem (1)-(9) to the evolutionary equations for Then it is better
to use a dimensionless form. The scale values are chosen as: a, U,,
a/U,p,U%
It is considered that in the unperturbed state the layers move with

- for the length, velocity, time and pressure, respectively.

constant velocities along x. Then dimensionless boundary problem
(1)-(9) for perturbations is got in the following form:
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where the momentum equation for the gas flow is omitted

(10)

because a boundary layer approach is adopted for it due to
considered thin gas layer. Here Re=U,a/v, - the Reynolds number

- kinematic viscosity coefficient, o, =2,/ p,
U, =U,/U,. Here U,

for gas flow, v
, Pi=pps,
characterizes the liquid to gas velocity ratio. Dimensionless

Vi =valvy, vy =vilyg,

boundary conditions (2)-(9) are
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1ay ooy ox
42,5"2 _ on v gy
oy ox Oy ox
a 1 8 8
y=4v Vﬁ§+7§ PP = af [af;—ﬂﬂaly’] (13)
_ , p) oc,
y=l+g, vl=vz=§+(l vﬂ)%
_ __L@zgz_'_ 2 (ov ov,
D= Puby = We, o Re, ay ﬂznay ; (14)
y=¢,u=u; y=I+g,u=u, (15)
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y==f,u,=v,=p,=0; 17
Here: ¢ =h./a, ¢,=h/a, We,=pUlalo, We,=pUalc,

- the Weber’s numbers for a gas flow boundary with the top and
coefficients of surface
=gy gy, My = s

bottom liquid layers, respectively, o,,0;-
tension, , , We, =We,0,,, 0,3, =0,/03, u,

, B1=b1/a' BZ:bz/a, Bj >> C,i.
Mathematical Model of the System

From (10)-(17), derivation of the
for oscillations of the boundaries of gas layer was done [9], with

evolutionary equations

polynomial approximation of the transversal velocities in the
layers. The following differential equations for the perturbations of
boundaries of layers were obtained [9] as:
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Problem Solution

(21)

Analysis of the system (18) - (21) allows stability study of
the boundaries of gas flow. The partial differential equation array
includes the derivatives from perturbations of the gas free surfaces
by time tand coordinate x. Itis seen that derivatives are of the higher
orders up to the eighth order; therefore it is difficult for solving. Four
equations totally, two functions sought, which is a consequence of
the approximations applied for the profiles of transversal velocities
and pressures of the liquid layers. As far as two last equations are
autonomous, they can be solved independently, considering for

example the simple harmonic waves in the form

i(kjx—w;t+¢;)

G =x,e

where j=1,2, i=+/-1,
the perturbations, k]., o the wave numbers and frequencies of the

X; - constants, the initial amplitudes of

oscillations, P, - the initial phases of perturbations. Afterward,
substituting the obtained solution into the other two equations
of the system, we can get dispersion equations for computing the
frequencies of perturbations o = o, (kj) depending on the wave
numbers. The perturbations of the top and lower boundaries are
interconnected and can differ only by the initial phases ¢, k = k,=
ko, =0,=o0

o/ iv-oit+s) i(fyx—ant+y)

=const e (22)

With account of the above, substituting (22) into (20), (21) after
the contraction of the exponent and the amplitude xj (the equations

are linear homogeneous in terms of the perturbations), we obtain:
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In the momentum equation for the second phase (upper
liquid layer) the terms In 3, are kept, because 8, >> 1 can be by:
Ing, ~ B, (e.g, B,=100, Inf, =4,6; B, =10, In g, ~2,3; B,=1000,
Ing, ~6,9; B,=10%, In B, =9,2 obviously the terms with |n B, ~1
,when £, ~10, but In 8, ~10 for £, in a substantially wide range
of f,.Thus, the terms with In [, can be omitted when B, ~10 and
S, ~1000 and higher, and around S, ~100 they can be substantial
and depending of specific values because they are multiplayers
with bigger ones than f,). Further work must be done with
computational experiment and analysis of the results obtained.
The model thus derived may be useful in the investigations of some
physical problems including stability of the vapor layer around the
hot particle during its cooling in a volatile liquid, for revealing the
peculiarities of the heat transfer critical heat flux.

Computer Simulation of the Free Boundaries of Gas Layer

Parameters of the available surface waves on the interface of
gas layer with the liquid layers are computed from solution of the
equation array (23), (24): k,=k,=k, o, = 0, = 0. Both, wave numbers
and frequences of the oscillations are complex in a general case. For
searching these values, the Flexed platform was used to prepare
the computer program and provide the numerical simulation. The
computer program was developed in the following form:
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TITLE ‘3 fluids’ { the problem identification }

Select ngrid=5 errlim=0.001

variables

wrl wil wr2 wi2

COORDINATES cartesian1 { coordinate system, 1D,2D,3D, etc }

definitions { system variables }

bl=1 b2=100 Re3 =100 Re2=12000 nu2l=0.5

EQUATIONS { PDE’s, one for each variable }

wil: -wrl?2 + wil?2 + x73/Re3*(3/10*b172*x 2 - x 4
* b174/45 + 2)*wrl + x*wrl + x"4/15%b172 * (b172/3*x"2
+8) * wil + x"4/Re3 * (x4/45 * b174 - 3/10 * b172*x 2 - 2) -
2*wrl*wil*b142/15 *xA3 * (b12/3 *x2 +8) = 0

wrl: (wrl’2 - wilA2)*b172*x"3/15 * (b172/3 * x"2 + 8) -
2*wil*wrl - x4*b172/15 * (b172*x*2/3 + 8)*wrl + x*3/Re3 *
(3/10*b172*x"2 - x"4/45*b14 + 2)*wil + x*wil = 0

wr2: (1+4b272*x)*(wr2”2 -wi2”2) + 2*b2"4 /45*x " 5*wr2*wi2
+ (b272/(3*Re2)*(b272/15%x"2 -1/2)*x"4 +(b2"2/3*(nu2l -1)
- 2/Re2)*x"3 + 2* nu21 - 1)*x*wr2 + b272/3*(b2”2/15*(2*nu21
- 1)- nu21)*x)*6*wi2 + (nu21 -1)*x"2*(nu21 - 2*x"2 /Re2 - x4/
Re2*(b2/15*x"2 +1/2)) =0

wi2: b284*¥xA5¥(wr2 22 -wi2”2) - 2*%(1 + b2/ 2/3*x " 2)*wr2*wi2
+ b272/3%(b272/15%(2*nu21 - 1) - nu2l)*x"6*wr2 - (b2”2/
(3*Re2)*(b272/15*x"2-1/2)*x"4-(b2"2/3*(nu21-1)-2/Re2)*x"3

+2*nu21 -1)*x*wi2 + (nu21-1)*x"2*b2°2/3*nu21*(b272/15%x"2
+1)*)"3=0
{ one possibility }

BOUNDARIES  { The domain definition }

REGION ‘domian’  { For each material region }

start (0) line to (10)
MONITORS {'show progress }

PLOTS { save result displays }

elevation(wrl,wil, wr2, wi2) from (0) to (1)
elevation(wrl,wil, wr2, wi2) from (0.5) to (1.5)
elevation(wrl,wil, wr2, wi2) from (1) to (2)
elevation(wrl,wil, wr2, wi2) from (2) to (3)
elevation(wr1,wil,wr2,wi2) from (0) to (10)
END

Here the values wrl, wil, wr2, wi2 mean the real and imagine
parts of the frequencies of perturbations. The argument x in the
program means wave number k. The other parameters are: B, =
10, B, = 0.1 (thin gas layer), Re, = 10°, Re, = 5-10* (Re,= Re- v,),
v,, =17.2 -10®. The results of numerical simulation with the above
computer program are presented below in Figure 1 as the graphs
for real (wrl, wr2) and imagine (wil, wi2) parts of the o, o, versus

the wave number k (x in figures):

L A -

“ﬁ;]m ()
to (1)

a: wrl
b wil
¢ wrd
d: wi2

X

0.6 08 L

Figure 1: The values of frequences o, 0, (wrl, wil, wr2, wi2) against wave number k f, =10, B, = 0.1.

As far as equations (23), (24) are satisfied simulataneously,
®,=0, is available for the above stated parameters approximately
by k = 0.5, which corresponds to the long-wave perturbations of

the interface. The short waves do not satisfy the equation array

and physically it is understandable because the short waves are
fast decreasing with time. For the representing the corresponding

surface waves , the following computer program was used:
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TITLE ‘3 liquids’  { the problem identification }
Select ngrid =5 errlim =0.01
Variables e

COORDINATES cartesian1 { coordinate system, 1D,2D,3D, etc }

definitions { system variables }
wrl =2*¥10° wil=3*10° k=05
EQUATIONS  { PDE’s, one for each variable }

e = exp(wil*t)* (cos(k*x - wrl*t)
BOUNDARIES  { The domain definition }
REGION ‘domian’  { For each material region }
start (0) line to (10)

TIME 0 TO 100 by 0.4 {if time dependent }

MONITORS { show progress }
PLOTS { save result displays }
o -
s '
-10
-15,
20
-25.
.30

for t = starttime by ( endtime - starttime) / 200 to endtime {
snapshots }

elevation( e) from ( 0) to ( 20) as “e”
history (e) at (0)
END

The results of computation are presented in Figure 2, where
from is seen that the wave is nearly of the same amplitude (just
oscillation) by these parameters, only the thinner is gas layer, the
higher are oscillations being still stable by these parameters. For
the second case (B, = 1, B, = 0.1) the parameters are: wrl = 2*107,
wil = 3*¥10, k = 1.51, so that the perturbation of the interface is
very slowly growing by time being nearly stationary (phase velocity
of the surface wave is approximately 1.3*10°). The other results
support the mentioned. Calculation for t = 7.5*10* gave the same
result as for t = 5%10% Both correspond to complete disintegration
of the gas layer. Both graphs (by time at x=0 and by x depending on
time show the same results of the system’s instability).

Figure 2: Wave o/(k¥=ai+4)

Figure 2 Wave o/("=@+#) against time by x = 0 and against x at
the moment t = 5*10* (B, = 1, B, = 0.1). Instability is developed up to
destroying the system on the drops and fragments in the time about
t=2 (about ten times growing of the oscillations by amplitude; the
time is dimensionless; therefore it depends on parameters: width
of the layer and velocity of the flow). Red colored are parameters
w in the table below, which correspond to the growing (unstable)
perturbations, while the blue ones - to the stable oscillations.

Using the results obtained one can study the influence of the
parameters on stability of the gas layer moving between the liquid
layers. As shown above, mostly it is unstable. The results may be
treated as instability of the vapor layer surrounding the hot liquid

drop, which is cooled down in a volatile coolant, for example under

severe accident at the nuclear power plant (Table 1).

Conclusion

As numerical simulation revealed, all values of the w are
complex. The imagine part of frequency w means that by positive
values of w the perturbations are growing by time (instability) or
fading (stability). By real frequency when imagine part is absent,
the perturbations are just oscillating interfaces between the layers.
Thus, we have got many parameters of the perturbations, which
lead to the breaking the gas layer.

For example, by B =2, $,=2 and v=10, the system is stable.

Mainly stable regimes are observed by the next parameters:
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Table 1: Calculated values of the wave numbers k and frequencies .

Ne B, B, \% k [
-0.803+1.4i -0.894-1.548i
1.31-2.03i 0.63+4.451i
-1.34-2.39i 1.739-4.922i
1 2 0.5 10
1.77-0.901i 0.49-2.077i
-1.68-0.706i 0.38+1.767i
0.745+1.34i -0.88+1.514i
1.83-0.712i 0.619-1.82i
-1.13+1.58i -1.096-1.843i
-1.76-0.511i 0.61+1.472i
2 2 0.5 10?
0.122-1.96i 0.37+1.549i
0.986+1.46i -0.94+1.69i
-0.042-23.6i -11.1+309i
-228.0i -113+2.6i*10*
1.84-0.698i 0.639-1.803i
1.03+1.47i -0.957+1.73i
3 2 0.5 103
-1.77-0.491i 0.64+1.448i
0.11-1.9i 0.295+1.58i
-1.2+1.6i -1.126-1.938i
0.25-1.11i -0.458+1.222i
0.519+0.901i -0.752+0.771i
1.28-0.785i -2.001+7.359i
4 0.5 2 10
-1.12-0.204i 0.72-0.107i
-1.04+1.3i -0.778-1.727i
0.112+17.5i 8.52-164.6i
176.0i 88-1.54i*10*
0.324-1.15i -0.58+1.335i
0.543+0.857i -0.63+0.763i
5 0.5 2 10?
-1.09+1.26i -0.723-1.772i
-1.06-0.152i 0.869-0.088i
1.27-0.799i -2.234+7.204i
1756.0i 878-1.5i*10°
0.332-1.16i -0.586+1.36i
0.546+0.852i -0.616+0.76i
6 0.5 2 103
-1.09+1.25i -0.71-1.769i
-1.05-0.1484i 0.88-0.089i
1.26-0.801i -2.40+7.21i
1.38-0.711i -0.326-1.9i
-0.108-9.34i -6.0+73.49i
-0.798+1.26i -0.82-1.506i
7 2 1 10
0.201-1.61i -7.6%¥103+1.71
0.645+1.11i -0.859+1.27i
-1.32-0.444i -0.31+0.57i
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-87.71 -43+3.9i*103
1.43-0.626i1 -0.225-1.554i
-0.981+1.29i -0.781-1.665i
8 2 10?
0.159-1.47i -0.119+1.609i
0.743+1.11i -0.749+1.355i
-1.34-0.333i 0.174+0.437i
-868.0i -433+3.8i*10°
1.44-0.619i -0.188-1.529i
-1.01+1.29i -0.774-1.694i
9 2 103
0.157-1.46i -0.126+1.6i
0.753+1.1i -0.73+1.355i
-1.34-0.321i 0.21+0.426i
1.27-0.795i -2.21+7.266i1
0.104+18.7i 9.04-185.5i
-1.03+1.3i -0.78-1.716i
10 1 10
0.26-1.13i -0.468+1.261
0.515+0.9i -0.757+0.76i
-1.12-0.213i 0.707-0.12i
187.0i 94-1.7i*10*
1.26-0.8i -2.398+7.23i
-1.06-0.153i 0.869-0.089i
11 1 102
0.325-1.15i -0.579+1.336i
0.54+0.8571 -0.63+0.763i
-1.08+1.26i -0.726-1.761i
1866.0i 933-1.7i*10°
1.26-0.801i -2.40+7.2151
-1.05-0.1484i 0.885-0.089i
12 1 103
0.332-1.16i -0.586+1.36i
0.546+0.851 -0.618+0.76i
-1.09+1.25i -0.712-1.769i
139.0i 70.1-9.6i*10%
0.707+1.15i1 -0.817+1.365i
-1.4-0.39i 0.084+0.719i
13 0.5 10
-0.925+1.33i -0.83-1.622i
0.129-1.4i -0.147+1.536i1
1.48-0.662i -0.057-1.663i
1386.0i 693-9.6i*10°
0.154-1.45i -0.131+1.591i
-0.999+1.29i -0.777-1.683i
14 0.5 102
0.75+1.11i -0.742+1.362i
-1.35-0.327i 0.204+0.465i
1.44-0.623i -0.189-1.544i
13871.0i 7*103-9.61*107
-1.34-0.32i 0.218+0.425i
1.44-0.618i -0.188-1.526i
15 0.5 103
0.754+1.1i -0.729+1.356i
-1.01+1.29i -0.774-1.694i
0.156-1.45i -0.133+1.593i
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-39.4i -19.68+814.9i
0.108-1.91i 0.305+1.568i
16 1 05 10 -1.81-0.68i 0.601+1.764i
0.887+1.51i -0.975+1.589i
1.85-0.874i 0.603-2.056i1
-1.01+1.63i -1.136-1.679i
-388.0i -193+7.5i*10*
-1.78-0.508i 0.643+1.48i
. " 05 102 1.84-0.714i 0.634-1.826i
0.109-1.9i 0.294+1.575i
1.02+1.48i -0.967+1.72i
-1.19+1.61i -1.14-1.924i
-3863.0i -2*103+8i*10°
1.84-0.698i 0.639-1.803i
18 1 05 10° 1.03+1.48i -0.968+1.73i
-1.77-0.491i 0.64+1.448i
0.109-1.9i 0.29+1.57i
-1.21+1.61 -1.126-1.952i
1.46-0.681i -0.108-1.726i
0.697+1.15i -0.83+1.358i
19 1 1 10 0.138-1.43i -0.13+1.565i
-0.906+1.32i -0.825-1.605i
-1.39-0.408i 9*103+0.71
1.44-0.624i -0.189-1.547i
0.749+1.11i -0.74+1.361
20 1 1 102 0.155-1.45i -0.13+1.59i
-0.997+1.29i -0.777-1.681i
-1.35-0.329i 0.198+0.467i
1.44-0.618i -0.188-1.526i
0.754+1.11i -0.739+1.365i
21 1 1 103 0.156-1.46i -0.125+1.6i
-1.01+1.29i -0.774-1.694i
-1.34-0.32i 0.218+0.425i
-1.86-0.628i 0.697+1.7i
0.0889-1.8i 0.183+1.6i
22 0.5 0.5 10 0.918+1.54i -1.01+1.61
1.91-0.819i 0.7-1.997i
-1.06+1.66i1 -1.19-1.73i
1.85-0.709i 0.65-1.82i
0.107-1.89i 0.28+1.579i
23 0.5 0.5 102 1.02+1.48i -0.97+1.7i
-1.78-0.503i 0.647+1.47i
-1.2+1.61i -1.14-1.938i
1.84-0.697i 0.64-1.801i
0.109-1.89i 0.283+1.581i
24 0.5 0.5 103 -1.77-0.49i 0.641+1.446i
1.03+1.48i -0.968+1.731i
-1.21+1.6i -1.126-1.952i
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1.21-0.821i -3.314+6.894i
0.5+0.89i -0.764+0.711i
25 2 2 10 0.3-1.18i -0.524+1.379i
-0.9+1.27i -0.925+1.271
-1.09-0.24i 0.733+0.227i
1.26-0.8i -2.41+7.183i
0.54+0.86i -0.63+0.7571
26 2 2 102 0.33-1.161 -0.584+1.359i
-1.06-0.16i 0.867-0.094i
-1.07+1.25i -0.717-1.747i
1.26-0.801i -2.40+7.215i
0.55+0.85i -0.617+0.76i
27 2 2 103 0.33-1.16i1 -0.587+1.36i
-1.05-0.15i 0.885-0.09i
-1.1+1.25i1 -0.71-1.769i

B,=2, $,=0.5,v=100;
B,=0.5, B,=2,v=10;
B,=1,B,=0.5,v=10;
B,=2, B,=2, v=100;
B,=2, B,=2,v=1000;
B,=0.5, B,=0.5, v=10.

But in reality the system is unstable if there are just a few

available unstable oscillations of the interface because many of

them are present. Therefore, the conclusion is that gas layer moving

between the liquid layers is unstable and the most unstable waves

are of the length a few width of the gas layer.s
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